Abstract. Fix an elliptic curve E over Q. An extremal prime for E is a prime p of good reduction such that the number of rational points on E modulo p is maximal or minimal in relation to the Hasse bound. Assuming that all the symmetric power L-functions associated to E are automorphic and satisfy the Generalized Riemann Hypothesis, we give the first non-trivial upper bounds for the number of such primes when E is a curve without complex multiplication. In order to obtain this bound, we use explicit equidistribution for the SatoTate measure as in the work of Rouse and Thorner [RT17], and refine certain intermediate estimates taking advantage of the fact that extremal primes have a very small Sato-Tate measure.
Introduction
Throughout this paper, E denotes an elliptic curve over Q, without complex multiplication (CM). For p a prime of good reduction, E reduces to an elliptic curve over the finite field F p and we denote by a p (E) the trace of the Frobenius automorphism acting on the points of E over F p . Then a p (E) = p + 1 − #E(F p ), and |a p (E)| ≤ 2 √ p (the Hasse bound). A conjecture for the distribution of the normalized traces a p (E)/2 √ p in [−1, 1], formulated by Sato and Tate, was proven recently by Taylor [Tay08] , in collaboration with Clozel, Harris and Shepherd-Barron [CHT08, HSBT10] . Theorem 1.1 (Sato-Tate conjecture). Let E be a non-CM elliptic curve over Q. Let α, β in R with 0 ≤ α ≤ β ≤ 1. Then, as x → ∞,
We study in this paper a refinement of the Sato-Tate conjecture concerning the distribution of the primes p which fall at the extremes of this distribution, i.e. the primes p such that a p (E) = ±[2 √ p]. Here, for any real number y, [y] and {y} denote the integer part of y (i.e. the largest integer smaller or equal to y) and the fractional part of y (i.e. y − [y]), respectively. Then #E(F p ) is maximal when a p (E) = −[2 √ p] and minimal when a p (E) = [2 √ p]. Extremal primes were first studied by James et al. [JTT + 16] who conjectured (as corrected in James and Pollack [JP17] ) that, as x → ∞, conjecture [LT76] predicts that
as x → ∞, where C E,h is a specific constant.
1 Comparing (1.1) and (1.2), we notice that for non-CM curves, there are fewer extremal primes than primes with a fixed value of a p (E), as a consequence of being at the edge of the Sato-Tate or semi-circle distribution. On the other hand, for CM curves there is an excess of extremal primes since the measure for the distribution of
The asymptotic (1.1) for CM curves was proven by James and Pollack [JP17] . In a subsequent paper by Agwu, Harris, James, Kannan and Li [AHJ + 18], the authors obtained asymptotics for a refined question for CM curves, namely the primes where a p (E) falls within a small range of the end of the Hasse interval. In this article, we focus on the case of non-CM curves.
Like the Lang-Trotter conjecture, the asymptotic (1.1) for non-CM curves seems to be out of reach with current techniques. Very recently the asymptotic was proven to hold on average for non-CM elliptic curves E/Q in the Ph.D. thesis of Giberson [Gib17] (see [GJ18] also), however no non-trivial upper bounds are known for a single E/Q. The goal of this paper is to obtain such upper bounds.
The proof of the Sato-Tate conjecture of Taylor et al. is a consequence of the analytic properties of the symmetric power L-functions of E, and it is equivalent to the statement that those symmetric powers have no zeros or poles for Re(s) ≥ 1. To get an effective version of the Sato-Tate conjecture, one needs to assume analytic continuation of the symmetric power L-functions to the whole complex plane, and that the zeros satisfy the Generalized Riemann Hypothesis. This was done by K. Murty [Mur85] and extended by Bucur and Kedlaya to arbitrary motives [BK16] . These results were improved recently by Rouse and Thorner [RT17] , and we refer the reader to Section 3 for more details and exact statements.
Using their effective version of the Chebotarev Density Theorem (which is valid under the assumptions mentioned above), Rouse and Thorner deduce the upper bound
for the Lang-Trotter conjecture. In our case, taking advantage of the fact that we are at the edge of the Sato-Tate interval, we can obtain a stronger upper bound for the number of extremal primes under the same hypothesis.
Theorem 1.2. Let E be a non-CM elliptic curve over Q. Assume that all the symmetric power L-functions of E are automorphic and satisfy the Generalized Riemann Hypothesis. Then
Minor modifications in the proof of Theorem 1.2 would allow for the result to hold for a fixed newform of weight k and level N . To be precise, the following holds.
be a newform for which all the symmetric power L-functions are automorphic and satisfy the Generalized Riemann Hypothesis. Then
We give a detailed proof of Theorem 1.2, and the proof of Theorem 1.3 follows similarly.
1 If h = 0, then it is additionally assumed that E does not have complex multiplication. The case h = 0 and E has complex multiplication was treated in [Deu41] . 
With the change of variable t = cos θ,
is given by cos α = δ and cos β = γ. Both measures are called the Sato-Tate measure. We refer to [RT17] for the proof of the following lemma, which follows easily from explicit uniform equidistribution. 
that satisfy the following properties:
• For all 0 ≤ θ ≤ π, we have
• For all 1 ≤ n ≤ M , we have
The above lemma is valid for any interval [α, β] ⊆ [0, π]. In our case, however, we are interested in counting at the edge of the Sato-Tate interval, where the measure is very small. More precisely, we will consider intervals where t = cos(θ) is close to 1, i.e. where θ is close to 0.
In this way, we obtain the following sharper estimate for the Fourier coefficientsF 
Proof. Since the U n are an orthonormal basis, for 0 ≤ n ≤ M we havê
The first integral of (2.1) is easily bounded by using the fact that U n (cos θ) = sin (n + 1)θ sin θ , which gives that
For the second integral of (2.1), we must bound the distance between the approximation of length M and χ I (θ). We recall the definition of F 
With the change of variable x = θ/2π and β = 1/(2πM ), we find
The second integral of (2.1) then writes as 2π
We now compute the second integral, since taking β = 0 returns the first integral. Recall that the Beurling polynomial is
where ∆ M (x) is the Fejer kernel given by the formula
and V M (x) is the Vaaler polynomial given by
To compute (2.2), we use the bound (for |x| ≤ 1/2)
and find, for β = 1/(2πM ) ≪ 1/M , that
To compute (2.3), we have Lemma 2.3. For non-negative integers n < M with M ≥ 1 and β ∈ R, 1 2(M + 1)
, is related to the Dirichlet kernel by the formula
where D k (x) is the k-th order Dirichlet kernel that has a closed form expression given by
Thus, we may express ∆ M+1 (x) as follows:
Writing U n (cos(2πx)) = sin((n + 1)2πx) sin(2πx) , we now prove that (M + 1)
(2.5)
Using the formula (2.4) in (2.5), we have
With trigonometric identities, we can rewrite the first sum of (2.6) as Therefore, the only term that survives in the inner sum over j in (2.7) is the term j = n. This happens once for every n ≤ k ≤ M . This gives
and a similar calculation gives that the second sum in (2.6) is
cos(2πj(x − β)) cos(2π(n + 2)x)dx = M − (n + 2) + 1 2 cos(2π(n + 2)β).
Plugging these values back in (2.6), we get M − n + 1 2 cos(2πnβ) − M − (n + 2) + 1 2 cos(2π(n + 2)β) = (M − n + 1) sin(2π(n + 1)β) sin(2πβ) + cos(2π(n + 2)β), which proves (2.5). Dividing by 2(M + 1) 2 , this completes the proof of Lemma 2.3.
Setting β = 0 in Lemma 2.3, we obtain the following.
Corollary 2.1. For non-negative integers n, M with M ≥ 1,
We have thus proved that for β = 1/(2πM ),
and using β = 0 in the above formulas, we have
This completes the proof of the Proposition.
Remark:
The results of Proposition 2.2 also hold for the coefficientsF − I,M (n), following appropriate minor changes, but this is not needed for our application.
Proof of Theorem 1.2
We adapt the proof of the following theorem to prove Theorem 1.2, using our stronger bound on the size of the Fourier coefficients. √ log x − 9.2x 3/4 log log x (log x) 3/2 + 50x
(log x) 3/2 + 43
(log x) 3/2 + 22 √ x log x .
Remark: The additional assumption in the above theorem that the level N is squarefree (which results in the conductor of Sym n (E) = N n ) was required for the completely explicit upper bound. In our case, we do not need this assumption, as we don't write explicitly the dependence on the curve E. Using the same ideas as in the proof of Proposition 3.5 in [RT17] , the above proposition can be shown to be true for an elliptic curve whose conductor N is not necessarily squarefree by using the fact that the conductor of Sym n (E) is ≪ N an where a does not depend on n, but rather on the primes that divide N . For more details, see [Rou07, Section 5].
To estimate the prime counting function
we first perform the change of variable a p (E) = 2 √ p cos θ p . Let I ε be an interval of the form
then using x ≤ p < 2x, we have
Using this, we obtain the upper bound
where for any interval I, χ I is the characteristic function of the interval.
, where M will be chosen later. Using the first property in Lemma 2.1, we have
U n (cos θ p ) . U n (cos θ p ) ≤ 1 log x x≤p<2x U n (cos θ p )g x (p) log p .
Next we use Proposition 3.5 of [RT17] stated in the following weaker form that will be sufficient for our purposes. (log x) 1/2 , we see that (3.1) is satisfied, and we have # {x ≤ p < 2x :
completing the proof of Theorem 1.2.
